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Introduction: 

| loved proving trigonometric identities when | was in grade school and | still do. 

If you like proving them or if you are preparing for a trigonometry test, this workbook can help. It 
contains several worked examples and several identities for you to prove. Some of the questions are 


easy and some are tough. Most of these identities are taken from old trigonometry books. 


There are six functions commonly used in trigonometry nowadays. Their names and abbreviations are 
sine (Sin), cosine (cos), tangent (tan), cotangent (cot), secant (Sec), and cosecant (csc). 


To prove the identities in this workbook, the following trigonometric facts can be used: 


sin? 6 + cos? @ = 1 


sin? @ = 1 — cos”@ 
cos? @ = 1 — sin?0 


sin 0 cos 0 
tand = cotd = 
cos 0 sin 0 
1 
tand = cotd = 
cot 0 tan 0 
1 1 
sec@ = cos@é = 
cos 0 sec 0 
1 ; 1 
csc 0 = — sind = 
sin 0 csc 0 
1+ tan? 6 = sec? 0 tan? @ = sec?6-—1 


1+ cot? @ =csc?@ cot? @ = csc?6 — 1 


Example 1: 


1 
Prove: 


Proof: 


1 1 
ee 
l+tan2?A I1+cot?A 

a 
sec2A  csc2A 


cos? A+ sin? A = 


1 


SS ee 
l+tan?A I1+cot?A 


1 


Example 2: 


Prove: (cot A — 1)? + (cotA + 1)? = 2csc?A 


Proof: 

(cot A — 1)? + (cotA + 1)? = 

cot? A-—2cotA+1 + cot?A+2cotA+1= 
cot?A+1 + cot?A+1= 

2(cot? A + 1) = 


2csc? A 


Example 3: 


cotA—1 cotA+l a 2 


Prove: ————— + ——___. = —________- 
cotA+1 cotA—1  cos*A-—sin2A 


Proof: 


cotA—1 cotA+1 _ 

cotA+1 Sry oer 7 

cotA—1 sinA cotA+1 sinA 
cotA+1 A Coe “sin A ~ 


cosA—sinA cosA+sinA _ 
cosA+sinA cosA—sinA | 
(cos A — sin A)’ + (cosA +sin A)? _ 
(cos A + sin A)(cos A — sin A) 7 
cos? A —2sinAcosA+sin?A + cos?A+2sinAcosA +sin? A : 
cos? A — sin? A 7 
2(sin* A + cos? A) _ 
cos?A—sin2A 
Z 
cos? A — sin? A 


Example 4: 


Prove: sin? A — cos® A = (sin? A — cos* A)(1 — 2 sin? A cos” A) 


Proof: 

sin’ A — cos’ A = 

(sin* A + cost A)(sin* A — cos* A) = 

(sin* A + cos* A)(sin? A + cos” A)(sin? A — cos? A) = 

(sin? A — cos” A)(1)(sin* A + cos* A) = 

(sin? A — cos? A)(sin’ A sin? A + cos? A cos” A) = 

(sin? A — cos? A)(sin? A - [1 — cos* A] + cos” A - [1 — sin? A]) = 

(sin? A — cos* A)(sin? A — sin? Acos?A + cos” A —sin? Acos* A) = 


(sin? A — cos” A)(1 — 2 sin? A cos? A) 


Example 5: 


Prove: 1 + tan*@ =sec*@ using sin?@+cos*6@ = 1. 


Proof: 


sin? 6 + cos?@ = 1 + Divide both sides of this identity by cos? 0. 


sin?@ _cos?@ a 1 


cos?@ cos2@  cos2@ 


1+tan? 6 = sec? 0 


In a similar fashion it is possible to prove 1 + cot” @ = csc’ 0. 
Can you see how to do it? 


Example 6: 


secA — 1 
sec A 


Prove: 1 —cosA = 


Proof: 

1—cosA = 
secA 1 _ 
secA secA — 


secA — 1 
secA 


Example 7: 
Prove: sin? A cos* A + cos* A = 1 — sin? A 


Proof: 

sin? A cos’ A + cos* A = 
(sin? A + cos? A)- cos? A = 
cos’ A = 


1—sin?A 


Example 8: 


1 


Prove: sin A cos A = ————————_ 
tan A+cotA 


Proof: 


1 
tan A +cotA - 


sin? A + cos? A 
sin AcosA 


1 


1 
sin AcosA 


sin AcosA 


Example 9: 
Prove: csc A — sin A =cosAcotA 


Proof: 
cscA —sinA = 


1 sin? A _ 


sin A sin A 
1—sin? A Z 


sin A 


cos AcotA 


Example 10: 
Prove: sec” A csc” A — (sec? A + csc? A) = 0 


Proof: 


sec” A csc” A — (sec? A + csc” A) = 


1 1 Die 
cos? A sin2A coszAsin2A) 


1 sin? A + cos? A _ 
cos? A sin? A cos2Asin2A 
1 1 


cos? Asin? A  cos2Asin2A 


0 


Another proof: 

sec” A csc” A — (sec? A + csc” A) = 

(1 + tan? A)(1 + cot? A) — (sec? A + csc? A) = 
(1 + cot” A + tan? A + 1) — (sec? A + csc” A) = 
(csc? A + sec A) — (sec? A + esc? A) = 


0 


Example 11: 


cos’ B — sin? A 
cos? A cos B 


Prove: | — tan? A tan? B = 


Proof: 
1 — tan A tan? B = 
cos? Acos*B sin? Asin? B 
cos? Acos2B  cos2Acos?B 
cos? A cos” B — sin’ A sin? B 
cos2 A cos? B 7 
(1 — sin? A) - cos* B — sin? A - (1 — cos” B) 
cos? A cos? B . 
cos” B — sin? A cos’ B — sin? A + sin” A cos” B 
cos? A cos? B - 
cos” B — sin? A 
cos? A cos? B 


Example 12: 


1l+cotx tanx+1 
Prove. ———__ = ————_ 
l—cotx tanx-1 


Proof: 


1+cotx 


1—cotx 


1+cotx tanx 


l1—cotx tanx 


tanx+1 


tan x — 1 


Example 13: 


tana + tan fp 
cota + cot PB 


Prove: = tana tan fp 
Proof: 


tana + tan fp 
cot a + cot 7 


sin a sin B 


cos a cos B 


cos a cos B 


sina sin B 


sina cos f + sin Bcos a 
cos acos P 


sina cos # + sin Bcos a 


sina sin B 
sina cosf+sinf cosa sina sin f 
cosa cos p sina cos # + sin B cosa = 
sin a@ sin f 
cosa cos p 


tana tan Bp 


Example 14: 


1+sind 
Prove: eee = (sec 9 + tan0)* 
1 — sind 


Proof: 


(sec @ +tan@)* = 


1 sind ) 
+ = 
cos@ coséd 


1+sin@\* _ 
( cos 0 ) 7 
(l+sin0)? _ 

cos2@ 
(1 + sin @)(1 + sin @) 

l-sied 

(1+sin@)+sin@) _ 
(1+sin@) —sind) — 


1+sind 
1—sind 


Example 15: 


2 sin@ cos@ — cos @ 
Prove: ————_————_—————_ = cot 0 
1 — sin @ + sin? 0 — cos? @ 


Proof ideas: 


Sometimes when solving a math problem, you can’t see all the way to the end of the solution but you 
can see how to start. When | was trying to solve this problem, | saw how to start solving it and | had 
faith that after | made this start | could solve it fully. 


My general approach for this problem was to simplify the left hand side to make it equal to the right 
hand side. To simplify to cot 8, | need to get a cos @ in the numerator of the left hand side. | can do 
this by factoring cos@ from the numerator. Things are looking good so far. 


To simplify to cot 8, | also need to get a sin @ in the denominator of the left hand side. Can | do this 
by factoring sin @ from the denominator? | can’t do it right away because the denominator contains 
1 —cos*@. But! can transform 1 —cos?@ to sin’ @ and then | can do the factoring that | want to 
do. 


At this point, | think | am well on my way to proving this identity. 


Can you use the above ideas and write out a complete proof of this identity? 


Example 16: 
Prove: (sin@ + csc 0)? + (cos @ + sec 0)* — (tan@ — cot 0)? = 9 


Proof: 

(sin@ + csc 0)* + (cos 8 + sec 0)? — (tan 8 — cot 6)? = 

(sin? 0 + 2sin@ csc @ + csc” ) + (cos* 8 + 2 cos @ sec 6 + sec” A) — (tan? 9 — 2 tan cot 8 + cot? @) = 
(sin? 0 + 2 + csc? @) + (cos? 9 +2 + sec” @) — (tan? @ — 2+ cot? 0) = 

(sin? 0 + cos” 0) + (csc? 9 — cot” ) + (sec? 9 — tan? 9) +(2+2+2)= 

14+1+1+6= 


) 


Example 17: 


Prove: (csc A — sin A)(sec A — cos A)(tan A + cot A) = 1 


Proof: 


(csc A — sin A)(sec A — cos A)(tan A + cot A) = 
1 sin? A 1 cos? A sin A £08 A\ | 
sin A sin A cos A cosA cosA sinA/ 
1—sin? A 1—cos?A sin? A + cos? A - 
sin A cos A sin AcosA 7 
cos? A sin? A 1 _ 
sin A cos A sinAcosA/ 


Example 18: 


tan A cotA 


Prove: ————— + ——— = secAcscA+ 1 
l1—cotA 1-tanA 


Proof: 


tan A cotA 


—__— + — — = +<— Start by making the substitution x = tan A. 
l1—cotA I1-tanA 


—— 4+ ———_ = 
x-1l xQ—-x) 

x? 1 
x(x-1) x@-1) 
ea 


[e=) = < To factor expressions like x? — 1, see the appendix at the end of this workbook. 
X(xX — 


(x—D@?7+x4+1) _ 
x(x -— 1) 7 


1 
x+1l+4+—-= + Undo the substitution x = tan A. 
x 


tanA+cotA+1= 


sin A cosA 
cosA sin A 


sin? A + cos? A 


cos A sin A 


secAcscA+ 1 


Example 19: 


2 2 


1 1 a sin’ a 


1 —cos 
Prove: {| ——————_- —________— 
sec? a — cos? a csc? a — sin? a 


- cos? a sin? @ = —————_ 
2+ cos? a sin? a 


Proof: 


1 1 Bt hod 
——_—————_—_——_—. + ———__} - cos‘ asin“a = 
sec? a — cos? a csc? a — sin? a 


1 1 Bos ee 
+ ———— |] - cosa sin*a = 

1 cos? a 1 sin2 a 

cos? a 1 sin? a 1 
1 1 Bob aa 
CTO SC | - COS SIN A = 

1 —costa 1 —sinta 

cos? a sin a 

cos” a sin? a 


- cos? a sin? a = 


ee ee ee ee + 2 
sin? a - (1 + cos? a) cos? a: (1 + sin? a) 


cos* a sin’ a 


a + ee 
1+ cos2a 1+sin2a 


4 


cos'a + cos* 


2 4 4 2 


asin‘’a + sin*a + sin*acos*a 


1 + sin?a + cos?a + cos2asinza 


4 4 2 


sinta + costa + cosa sin’ a: (1) 


2 + cos?asin2a 


sin? a- (1 —cos*a) + cos*a-(1—sin?a) + cos*asin* a 


2 + cos?asin2a 


2 2 2 2 


sin*a@ + cos“-a — cos‘asin~a 


2 + cos?asin?a 


2 2 


1 —cos‘asin“a 


2+ cos? a sin? a 


Example 20: 


Prove: (sin@ + sec@)* + (cos@ + csc 0)* = (1 + sec@ csc 0)" 


Proof: 


In planning this proof, using scrap paper, | multiplied out the left hand side and the right hand side to 
determine how to transform the left hand side to the right hand side. 


For example, when multiplying out the left hand side, the result includes sin? @ + cos*@ which 
simplifies to 1 and when multiplying out the right hand side, the result also includes 1. 

(sin@ + sec 0)* + (cos @ +. csc 0) = 

(sin? @ + 2tan@ + sec*@) + (cos*@ +2cot@+csc* 0) = 


(sin? 8 + cos?@) + (2tan@+2cot@) + (sec*@+csc* 0) = 


sinOd  cosé 
je ee + 


) + dr tan?9 +14 0t?6) = 
cos@ sind 


#2: D 

6 +c0s26 

Loa ES |) aan? Ocaneai2 ey = 
cos 8 sind 


1 + 2sec@cscO + sec*@csc? 6 = 


(1 + sec 8 csc 0)" 


Example 21: 


Prove: (tan® x — tan* x + tan? x — 1)-sec?x +1 =tan®x 


Proof: 

(tan® x — tan* x + tan? x —1)-sec?x+1= 

(tan® x — tan* x + tan? x — 1)- (tan*x+1)4+1= 

tan® x + tan® x — tan® x — tant x + tan* x + tan? x —tan?x-1+1= 


tan’ x 


Another proof: 
tan’ x = 
tan® x tan? x = 


tan® x - (sec? x — 1) = 


2 


tan® x sec* x — tan® ; 


2 


tan® x sec” x — tan* x tan? x = 


2x —tan*t x - (sec? x —1) = 


tan® x sec 
(tan® x — tan* x) - sec? x + tan* x = 

(tan® x — tan* x) - sec? x + tan’ x tan? x = 

(tan® x — tan* x) - sec” x + tan? x - (sec*x — 1) = 


2x —tan?x = 


(tan® x — tant x + tan? x) - sec 
(tan® x — tan* x + tan? x) - sec? x — (sec? x — 1) = 


(tan® x — tan* x + tan?.x —1)-sec*x+1 


Problem set # 1 (I. Todhunter, 1868) 
Prove the following identities. 

1. sin’ A —cos* B = sin* B— cos* A 

2. sin*A+costA = 1—2sin? Acos? A 

3. sin? A+(1—cosA)* = 2(1 —cos A) 


1 —2sin? Acos? A 


sin Acos A 


4. sin? Atan A +cos* Acot A = 


5. (sin AcosB+cosA sin B) + (cos A cos B — sin A sin B)* = 1 
6. (1+sinA+cos A)? = 2(1 + sin A)(1 + cos A) 

7. (1—sinA—cosA) (1 +sin A + cos A)? = 4sin? A cos” A 

8. (1+sinA—cos A)? +(1+cos A — sin A)* = 4(1 — sin A cos A) 


tan A cotA _ 
tanA—tanB cotA-—cotB 


Problem set # 2 (J. Hamblin Smith, 1874) 
Prove the following identities. 
1. cos@tan@ =sin@ 
2. sin@cot@ =cosé 
3. sinaseca =tana 
4. cosacsca =cota 
5. (1+tan*@)-cos’?6 =1 
tan? a ; 


6. —m———=sin‘a 
1+ tan2a 


7. tanx+cotx = secxcscx 
cos x csc x tan x 
o-  ed 
sin x sec x cot x 
cos 0 


9 x——=sin0 
tan 6 cot? @ 


10. sec@ —tand@ sind =cosd@ 


11. (cos? 6 — 1)(cot?@6+ 1) =-1 


2 2 


12. cot? a@—cos?a = cot?.a cos’ a 


cos” B — cos? a 


13. tan’ a — tan? fp = 
cos? f cos? a 


14. sin? @ tan? @ + cos” 6 cot? 6 = tan? 6 + cot?@—1 
15. sec*@+tan*@ = 1+2sec?6 tan” 0 
16. csc@-(sec@ —1)—cotd@- (1 —cos@) = tand — sind 


csc@O  secd 


= sec 0 csc 0 
secO  cscé 


18. sec@+cscé tan?@- (1 +csc* 0) = 2sec? 0 


Problem set # 3 (R. C. J. Nixon, 1892) 
Prove the following identities. 


1. cosatana+sinacota =sina+cosa 


2 2 


2. tan*a—sin*a = tana sin? a 


3. sin’ a cos” B — cos’ a sin’ PB = sin* a — sin’ B 


2 


4. cos’ acos* 6 — sin? 


a sin? 3 = cos* a — sin’ B 


5. tan*a+cot?7a+2=sec?acsc*a 
6. sina-(1+tana)+cosa-(1+cota)=csca+seca 
7. (seca secf + tana tan P)* — (tana sec f + seca tan f)* = 1 
8. 2(sin°a +cos® a) + 1 = 3(sin* a + cos* a) 
2 2 


9. (sina —sin’a)* + (cosa —cos*a) = sin’ a cos* a 


10. (sina —csca) — (tana — cot a)* + (cosa — seca)’ = 1 


Problem set # 4 (Hall and Knight, 1893) 


Prove the following identities. 


uP 


2. 


13. 


14. 


15. 


16. 


lite 


18. 


cotA secA sinA = 1 

sin? A sec A cot”? A = cos A 
cot? 6 - (1 — cos” @) = cos” 0 

(1 — cos* @)(1 + tan? 0) = tan? @ 


sin? 0 cot? @ + sin?@ = 1 


sinA  cosA 
+ =] 

csc A secA 

1 i 1 
sec2 A csc2A 
tan? 0 — cot? @ = sec? 6 — csc” 0 
cos* A — sin* A = cos”? A — sin? A 
cotta — 1 = csc* a —2csc* a 


(cos 6 + sin) + (cos @ — sin@)* = 2 


2 2 


tan? a 1+cot?a ; 
» ——————. = sin“ a sec“ a 


1+ tan2a@ cot? a 

1 1 ; 
———. + ———__ = 2 seca 
l-—sina 1+sina 


tana tana 
————_._ + ————__ = 2 csca 
seca — 1 seca+1 


1 1 
qe f+ mmo —c— = 
1+sin?a 1+4csc?a 
(sec 0 + csc 8)(sin 8 + cos @) = sec@ csc A + 2 
(1 + cot@ + csc @)(1 + cot 8 — csc 8) = 2cotd 


(sin A + csc A)? + (cos A + sec A)? = tan? A + cot? A +7 


Problem set # 4, continued 
Prove the following identities. 
19. cos@-(1—cos@)(sec@ + 1) = sin? 6 


20. (tan@ +2)(2tan@ + 1) = 5tand + 2sec* 0 


5 sec 0 — 1 5 sind — 1 
21. cot? 6 -———— -————_ = 
1+ sind 1+secd 
1—sin AcosA sin? A — cos” A 
22... X —————__ = sinA 
cos A - (sec A — csc A) sin? A + cos? A 
ya tan? @ cot? 6 2 1 — 2 sin” 6 cos? 0 


1 + tan20 l+cot?0 — sin 8 cos@ 


Problem set # 5 (S. L. Loney, 1896) 


Prove the following identities. 


12: 


13. 


14. 


15. 


16. 


sin A 1+cosA 
—— 4+ ——— =2cscA 
1+cosA sin A 
csc A csc A ‘ 
= 2 sec“ A 


———_— + cx 
cscA—1 cscA+l1 


csc A 
———— =cosA 
cotA+tanA 


(sec A + cos A)(sec A — cos A) = tan* A + sin? A 


1 


————————. = secA+tanA 
sec A —tanA 


1+tan2 A sin? A 
1+cot2A  cos2A 


sec A — tan A 5) 
——————. = | —2secAtanA+2tan~A 
secA + tan A 

cosA sin A 


——. + ——— _ =sinA+cosA 
l1—tanA 1-—cotA 


(sin A + cos A)(cot A + tan A) = secA + csc A 


(1+ cot A — csc A)(1 + tan A + sec A) = 2 
1 1 1 1 


cscA—cotA sinA  sinA cscA+cotA 


cot A cosA cot A —cosA 
cotA+cosA ~ cot Acos A 


tan A +secA — 1 1+sinA 

tanA—secA+1  cosA 

(tana + esc B)* — (cot P — sec ay = 2 tana cot f - (csca + sec P) 
2 sec? a — sec*a — 2csc*a + csc* a = cot* a —tan*a 


sec A csc A 


1+ cot A + tan A)(sin A — cos A) = ——— — ——— 
x ) csc2A sec? A 


Appendix — How to factor the sum or difference of cubes 
Sometimes it is useful to factor the sum or difference of cubes. 


To use the sum or difference formulas given below, you need to ensure that the expression to be 
factored is of the form something cubed plus or minus something cubed. 


SUM: 
Formula: P?+0? =(P+0)(P* —- PO +0Q?’) 
Example: 
X°4+8=X?+2? 
Let PS ky O=2 
Therefore, using the sum of cubes formula, 
X? +8 = (X + 2)(X? — 2X +4) 
DIFFERENCE: 
Formula: P? —- QQ? =(P-Q)(P*+PO+Q’) 
Example: 


3 
1 1 
21 _ Ta 
1000Z Sees (10Z") (=) 


1 
= 7 = 
Let P= 102’, Q= 


Therefore, using the difference of cubes formula, 


sol , 1 4, 10Z? 1 
1000z2! - — = ( 10z7- — ) [ 100z!44 — 
BO B? B2 BA 
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